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STEPHEN SMALE
First, by letting m = 1 in Theorem C, we obtain a recent theorem of M. Morse [13] .
THEOREM D. Let M n be a closed connected C" manifold. There exists a (nice) non-degenerate function o n M w i t h just one local r n a x i m z~m and one local minimum.
In 9 1 , the handlebodies, elements of X ( n ,k , s ) are defined. Roughly speaking if H c X(n,k , s ) , then H is defined by attaching s-disks, k in number, to the n-disk and "thickening" them. By taking n = 2 m + 1 in Theorem C , we will prove the following theorem, which in the case of 3-dimensional manifolds gives the well known Heegard decomposition. By taking n = 2 m in Theorem C, we will get the following.
THEOREM G. Let M2" be a closed (m-1)-connected C" m a n i f o l d , m 1:2. T h e n there i s a nice function on M whose type numbers equal the corresponding Betti numbers of M . Furthermore M , w i t h the interior of a 2m-disk deleted, i s a handlebody, a n element of X ( 2 m , k , m) where k i s the mthBetti number of M.
Note that the first part of Theorem G is a n immediate consequence of the Morse relation that the Euler characteristic is the alternating sum of the type numbers [12] ,and Theorem C.
The following is a special case of Theorem G.
THEOREM H. Let M2" be a closed C-manifold m # 2 of the homotopy type of S2". T h e n there exists o n M a non-degenerate function w i t h one m a x i m u m , one minimum, and no other critical point. T h u s M i s the u n i o n of two 2m-disks whose intersection i s a submanifold of M,difleomorphic to S2"-'.
Theorem H implies the part of Theorem A for even dimensional homotopy spheres.
Two closed C" oriented n-dimensional manifolds M I and M, are J-equivalent (according to Thom, see [25] or [ l o ] )if there exists a n oriented manifold V with O V diffeomorphic to the disjoint union of M , and -M,, and each Miis a deformation retract of V.
THEOREM I. Let MI and M, be ( m -1)-connected oriented closed C-(2m+l)-dimensional manifolds which are J-equivalent, m f l . T h e n M I and M, are diffeomorphic.
We obtain a n orientation preserving diffeomorphism. If one takes MI and M, J-equivalent disregarding orientation, one finds that MI and M2 are diff eomorphic.
In studying manifolds under the relation of J-equivalence, one can use the methods of cobordism and homotopy theory, both of which are fairly well developed. The importance of Theorem I is that it reduces diffeomorphism problems to J-equivalence problems for a certain class of manifolds. It is an open question as to whether arbitrary J-equivalent manifolds are diffeomorphic (see [lo, Problem 5])(Since this was written, Milnor has found a counter-example).
A short argument of Milnor [lo, p. 331 using Mazur's theorem [7] applied to Theorem I yields the odd dimensional part of Theorem A. In fact it implies that, if M2"-' is a homotopy sphere, m f 1, then M2"" minus a point is diffeomorphic to euclidean (2m-t-1)-space (see also [9,p. 4401).
Milnor [lo] has defined a group X'bf C" homotopy n-spheres under the relation of J-equivalence. From Theorems A and I, and the work of Milnor [I01 and Kervaire [5] , the following is a n immediate consequence. THEOREM J. If n is odd, n f 3, X n is the group of classes of a l l differentiable structures on S n under the equivalence of difeomorphism. F o r n odd there a r e a Jinite number of diferentiable structures on S " . Previously it was known t h a t there are a countable number of differentiable structures on S n for all n (Thom), see also [9, p. 4421 ; and unique structures on S " for n 5 3 (e.g., Munkres [14] ). Milnor [8] has also established lower bounds for the number of differentiable structures on S" for several values of n.
A group I'" has been defined by Thom [24] (see also Munkres [14] and Milnor [9] ). This is the group of all diffeomorphisms of Sn-' modulo those which can be extended to the n-disk. A group A" has been studied by Milnor a s those structures on the n-sphere which, minus a point, are diffeomorphic to euclidean space [9] . The group I'" can be interpreted (by Thom [221 or Munkres [14] ) as the group of differentiable structures on S n which admit a C" function with the non-degenerate critical points, and hence one has the inclusion map i: IT" -A" defined. Also, by taking Jequivalence classes, one gets a map p: An--X n . THEOREM K. With notation a s i n the preceding paragraph, the following sequences a r e exact:
Hence, if n is even, n f 4, rn= An and, if n is odd f 3, An = 3".
Here (a) follows from Theorem A, (b) from Theorem H, and (c) from Theorem I.
Kervaire [4] has also obtained the following result. THEOREM M. Let C" be a contractible manifold, m f 2, whose bounda r y is simply connected. Then C2" i s difeomorphic to the 2m-disk. This implies that diferentiable structures on disks of dimension 2m, m # 2, a r e unique. Also the closure of the bounded component C of a C" imbedded (2m -1)-sphere i n euclidean. 2m-space, m f 2, i s difeomorphic to a disk.
For these dimensions, the last statement of Theorem M is a strong version of the Schoenflies problem for the differentiable case. Mazur's theorem [7] had already implied C was homeomorphic to the 2m-disk.
Theorem M is proved as follows from Theorems C and I. By Poincar6 duality and the homology sequence of the pair (C, OC), i t follows that OC is a homotopy sphere and J-equivalent to zero since i t bounds C. By Theorem I, then, OC is diffeomorphic to S". Now attach to C2" a 2m-disk by a diffeomorphism of the boundary to obtain a differentiable manifold V. One shows easily t h a t V is a homotopy sphere and, hence by Theorem H, V is the union of two 2m-disks. Since any two 2m sub-disks of V are equivalent under a diffeomorphism of V(for example see Palais [17] ), the original C2" c V must already have been diffeomorphic to the standard 2m-disk.
To prove Theorem B, note t h a t V = ( M with the interior of a simplex deleted) is a contractible manifold, and hence possesses a differentiable structure [Munkres 151 . The double W of V is a differentiable manifold which has the homotopy type of a sphere. Hence by Theorem A, W is a topological sphere. Then according to Mazur [7] , 8 V, being a differentiable submanifold and a topological sphere, divides W into two topological cells. Thus V is topologically a cell and M a topological sphere.
, be a contractible combinatorial manifold whose boundary i s s i m p l y connected. T h e n C2" i s combinatorially equivalent to a simplex. Hence the Hauptvermutung (see [ I l l ) holds f o r combinatorial manifolds which are closed cells in these dimensions.
To prove Theorem N, one first applies a recent r_r:sult of M. W. Hirsch [3] to obtain a compatible differentiable structure on C". By Theorem M, this differentiable structure is diffeomorphic to the 2m-disk D2". Since the standard 2m-simplex 02"is a C1 triangulation of D2", Whitehead's theorem [27] applies to yield that C2" must be combinatorially equivalent to oZnL.
Milnor first pointed out that the following theorem was a consequence of this theory. THEOREM 0. Let M2", m f 2, be a combinatorial manifold which has the same homotopy type a s S2". T h e n M2" i s combinatorially equivalent to S2". Hence, in these dimensions, the Hauptvermutung holds f o r spheres.
For even dimensions greater than four, Theorems N and 0 improve recent results of Gluck [2] .
Theorem 0 is proved by applying Theorem N to the complement of the interior of a simplex of M2".
Our program is the following. We introduce handlebodies, and then prove "the handlebody theorem" and a variant. These are used together with a theorem on the existence of "nice functions" from [21] to prove Theorems C and I, the basic theorems of the paper. After that, it remains only to finish the proof of Theorems F and G of the Introduction.
The proofs of Theorems C and I are similar. Although they use a fair amount of the technique of differential topology, they are, in a certain sense, elementary. I t is in their application t h a t we use many recent results.
A slightly different version of this work was mimeographed in May 1960. In this paper J. Stallings pointed out a gap in the proof of the handlebody theorem (for the case s = l ) . This gap happened not to affect our main theorems.
Everything will be considered from the C" point of view. All imbeddings will be C". A differentiable isotopy is a homotopy of imbeddings with continuous differential.
A. Wallace's recent article [26] is related to some of this paper. x D f -9 y identifying points which correspond under some fi. The manifold thus defined has a natural differentiable structure except along corners OD; x OD;-" for each i. The differentiable structure we put on V is obtained by the process of "straightening the angle" along these corners. This is carried out in Milnor [lo] for the case of the product of manifolds W, and W, with a corner along O W,x O W,. Since the local situation for the two cases is essentially the same, his construction applies to give a differentiable structure on V. He shows that this structure is well-defined up to diffeomorphism.
If Q = OM we omit i t from the notation x(M, Q; f,, ..,fk; s), and we sometimes also omit the s. We can consider the "handle" Dg x D r -T V as diff erentiably imbedded. The next lemma is a consequence of the definition. If V is the manifold x(M, Q; f,, .,fk; s), we say o = (M, Q;fl, .,f,;s)
is a presentation of V. A handlebody is a manifold which has a presentation of the form (Dn;f,, . .,f,; s). Fixing n , k, s the set of all handlebodies is denoted by X ( n , k, s). For example, X ( n , k, 0) consists of one element, the disjoint union of ( k + 1)n-disks; and one can show X(2, 1 , l ) consists of S1x I and the Mobius strip, and X(3, k, 1) consists of the classical handlebodies [19; Henkelkorper], orientable and non-orientable, or a t least differentiable analogues of them. The following is one of the main theorems used in the proof of Theorem C. An analogue in 5 5 is used for Theorem I.
(1.2) HANDLEBODY THEOREM. Let n 2 2s + 2 and, if s = 1, n 2 5; let H e X ( n , k, s), V = x(H; fl, . -,f,; s + I), a n d ic,(V) = 0. Also, if s = 1, assume ic,(~(H; fl, .-,fr-k;2)) = 1. Then VEX(^, r -k, s + 1).
(We do not know if the special assumption for s = 1is necessary.)
The next three sections are devoted to a proof of (1.2). The following theorem is the goal of this section.
(2.1) THEOREM. Let n 2 2s + 2, a n d if s = l , n 2 5; let o = (M,Q; f,, .,f,;s + 1) be a presentation of a manifold V, a n d assume ic,(Q) = 1 if n = 2s +2. Then for any automorphism a: G, -G, , V realizes fva. Our proof of (2.1) is valid for s = 1 , but we have application for the theorem only for s > 1. For the proof we will need some lemmas. Helv. 34 (1960)), there is a differentiable isotopy F,: ODSx Dn-S-Q, 1 5 t 5 2, with Fl = f , and F, restricted to OD% 0 = x.Now by applying this theorem again, we obtain a differentiable isotopy G,: M -M, 1 5 t 5 2, with Gl equal the identity, and G, restricted to image FlequaI F,F;". Then taking h = G;l, F, satisfies the requirements of f, of (2.2); i.e., hf, = G;'F, = F,F;'F, = fl.
(2.3) THEOREM(H. Whitney, W.T. Wu). Let n 2 max (2k+ 1 , 4 ) a n d f , g: M k-X n be two imbeddings, M closed, M connected a n d X simply connected if n = 2k + 1. Then, iff a n d g a r e homotopic, they a r e differentiably isotopic.
Whitney [29] proved (2.3) for the case n 2 2k + 2. W. T. Wu [30] (using methods of Whitney) proved i t where X* was euclidean space, n = 2k + 1. His proof also yields (2.3) as stated.
(2.4) LEMMA.Let Q be a component of the boundary of a compact manifold M", n 2 2s + 2 a n d if s = 1, n 2 5, a n d is,(&) = 1 if n = 2s + 2. Let fl:ODs-"x Dn-"l -Q be a n imbedding, a n d z:ODH1x 0-Q a n imbedding homotopic i n Q to A,the restriction of f lto OD"" x 0. Then there exists a n imbedding f,: OD"" x D*-"' -Q extending z such that On the other hand P$ = 0, thus proving (2.6).
By (2.6), let $ e x,(Q n Q,) with r+ = q2and P+ = 0. Let g = y ++
(or y$ in case s = 1; our terminology assumes s >1) where y e is,(& nQ,)
is the homotopy class of 7,: ODsT1x 0 -Q nQ,. Let g: ODp1 x 0 -Q n Q, be an imbedding realizing g (see [29] ).
If n = 2s + 2, then from the fact that is,(&) = 1, it follows t h a t also x,(Q,) = 1. Then since g and f, are homotopic in Q,, i.e., Pg = Py, (2.4) applies to yield a n imbedding e: OD"" x Dn-"I--Q, extending g such t h a t X(V,, Q,; e) and x( V,, Q,; f,) are diffeomorphic. On one hand V = x(V, Q;f,,..., f,) = x(V1,Q,;f,) and, on the other hand, x(V, Q; e, f,, ---, f,) = x(V,, Q,; e), so by the preceding statement, V and X(V, Q; e, f,, ..,f,) are diffeomorphic. Since r g =g, +g,, f,a(D,) = fu(Dl + 4 ) = g1 + ga, fb(D1) = gD1 = g1 + g,, fua= f u n , where or = ( V, Q; e, f,, .,f,). This proves (2.1).
3. The goal of this section is to prove the following theorem.
(3.1) THEOREM. Let n 2 2s + 2 and, if s = 1, n 2 5. Suppose H e X ( n , k, s). Then given r 2 k, there exists a n epimorphism g: G, -is,(H) such that every realization of g i s i n X ( n , r -k, s + 1).
For the proof of 3.1, we need some lemmas. Furthermore if n 2 2s + 2, then ic,(OH) --x,(H) i s a n isomorphism for i 5 s.
PROOF. We can assume s > 0 since, if s = 0, H is a set of n-disks k + l in number. Then H has as a deformation retract in a n obvious way the wedge of k s-spheres. Thus (b) and (c) are true. For the last statement of (3.2), from the exact homotopy sequence of the pair (H, OH), i t is sufficient to show that is,(H, OH) = 0, i 5 s + 1. If / i ? -s)-cell bundle over S q e t e re is,-,(0(n s)), let H, be the (nmined by P. PROOF. The zero-cross-section a: S " H, is homotopic to zero, since n,(V) = 0, and so is regularly homotopic in V to a standard s-sphere Si contained in a cell neighborhood by dimensional reasons [29] . Since a regular homotopy preserves the normal bundle structure, o ( S 7 has a trivial normal bundle and thus P = 0. Hence H p is diffeomorphic to the product of S"nd Dm-,.
Let o,: S" OHpbe a differentiable cross section and f: ODs" x 0-OH, the restriction of f : OD"-' x Dm-"-' --OH,. Then o, and f are homotopic in OHp (perhaps after changing f by a diffeomorphism of D W 1 x Dn-"-' which reverses orientation of ODG+' x 0) since zs(V) = 0, and hence differentiably isotopic. Thus we can assume $and s, are the same.
Let f, be the restriction of f to ODH1x D:-"-' where D:-"-' denotes the disk {x 3 Dm-"-' / I I x / / S E ) , and E >O. Then the imbedding g,: ODG1 x D"--1 --OH, is diff erentiably isotopic to f where g,(x, y) =f ,r,(x, y) and re(%, y) = (x, ~y ) . Define k,: ODw+' x Dm-"-' --OH, by p,g,(x, y) where p,: g,(x x Dn-'-l) F, is projection into the fibre F, of OH, over o-'g,(x, 0).
+
If E is small enough, k, is well-defined and an imbedding. In fact if E is small enough, we can even suppose t h a t for each x, k, maps x x Dn-'-'
linearly onto image k, n F, where image k, n F, has a linear structure induced from F,. It can be proved k , and g, are differentiably isotopic. (The referee has remarked t h a t there is a theorem, Milnor's "tubular neighborhood theorem", which is useful in this connection and can indeed be used to make this proof clearer in general.)
We finish the proof of (3.3) as follows. Suppose V is as in (3.3) and V'= x(H,; f '; s + I), n,(Vr) = 0. I t is sufficient to prove V and V' are diffeomorphic since it is clear that one can obtain D" by choosing f ' properly and using the fact that H, is a product of SQnd Dm-\ From the previous paragraph, we can replace f and f ' by k, and kE with those properties listed. We can also suppose without loss of generality that the images of k, and k: coincide. It is now sufficient to find a diffeomorphism h of iYp with hf =f '. For each x, define h on image fn F, to be the linear map which has this property. One can now easily extend h to all of H, and thus we have finished the proof of (3. The following lemma is easily proved. Hence so does V.
For the case s > 1, we use a n algebraic lemma.
(4.1) LEMMA.Iff,g: G -G' a r e epimorphisms where G a n d G' a r e jinitely generated free abelian groups, then there exists a n automorphism a: G -G such that fa = g. PROOF. Let G" be a free abelian group of rank equal to rankG -rank G', and let p: G' + G"-G' be the projection. Then, identifying elements of G and G' + G" under some isomorphism, i t is sufficient to prove the existence of a for g = p. Since the groups are free, the following exact sequence splits
Let h: G -f ~' ( 0 )be the corresponding projection and let k: f -l(0) -G" be some isomorphism. Then a: G -G' + G" defined by f + kh satisfies the requirements of (4.1).
REMARK.Using Grusko's Theorem [6], one can also prove (4.1) when G and G' are free groups. Now take o = (H;f,, .,f,.; s + 1) of (1.2) and g: G, -n, (OH) of (3.1).
Since n,(V) = 0, and s > 1, f,: G, -z, (OH) is an epimorphism. By (3.2) and (4.1) there is an automorphism a: G, -G, such t h a t f,a = g. Then (2.1) implies t h a t V i s in A ( n , r-k, s + l ) using the main property of g.
5.
The goal of this section is to prove the following analogue of (1.2)- to obtain an automorphism a:G, -G, such that p, f,a = p,g where g is a s in (5.3) . Then f,a = g, hence using (2.1), we obtain (5.1). 6 . The goal of this section is to prove the following two theorems. 
constant w i t h i t s m a x i m u m value o n Q. T h e n there exists a C" function G o n V which agrees w i t h g outside a neighborhood of Q , i s constant and regular o n OV -(OM -Q ) ,and has exactly k new critical points, all non-degenerate, w i t h the same value and w i t h index s.
SKETCH O F PROOF OF (6.1) . Let Pi denote the critical points of f a t level zero, i = 1 , ...,k with disjoint neighborhoods Vi. By a theorem of Morse [13] we can assume Vi has a coordinate system x =(x,, ..,x,) such that for I/ x / / 5 6, some 6 > 0 ,f ( x ) = -x ; = , x+ x~_ , + , x f .Let El be the (x,, ,x,) plane of Viand E, the (x,,,, ...,x,) plane. Then for E, > O sufficiently small El n f -' [-el, E,] is diffeomorphic to D".A sufficiently
